In the Ginzburg-Landau theory of superfluid 3 He, the free energy is expressed as an expansion of invariants of a complex order parameter. Strong coupling effects, which increase with increasing pressure, are embodied in the set of coefficients of these order parameter invariants 1,2 . Experiments can be used to determine four independent combinations of the coefficients of the five fourth order invariants. This leaves the phenomenological description of the thermodynamics near Tc incomplete. Theoretical understanding of these coefficients is also quite limited. We analyze our measurements of the magnetic susceptibility and the NMR frequency shift in the B-phase which refine the four experimental inputs to the phenomenological theory. We propose a model based on existing experiments, combined with calculations by Sauls and Serene 3 of the pressure dependence of these coefficients, in order to determine all five fourth order terms. This model leads us to a better understanding of the thermodynamics of superfluid 3 He in its various states. We discuss the surface tension of bulk superfluid 3 He and predictions for novel states of the superfluid such as those that are stabilized by elastic scattering of quasiparticles from a highly porous silica aerogel.
I. INTRODUCTION
The Ginzburg-Landau (GL) formulation gives a phenomenological representation of the free energy of superfluid 3 He as an expansion in terms of the order parameter 1,2,3 . The expansion coefficients specify the stability of various p-wave states and their thermodynamics near T c . These coefficients are well-defined theoretically for the weak coupling case. However, 3 He is not a weak coupling superfluid as is clear from its phase diagram where there is a region of A-phase at high pressures. This is in contrast to the weak coupling limit for which the B-phase is always stable. The strong coupling correction to the pair interaction is responsible for the A-phase, an effect of spin and density fluctuations proportional to T c /T F 4 . Calculations 3 cannot account quantitatively for the strong coupling corrections and so the coefficients must be determined empirically. Five of these parameters are coefficients of the fourth order invariants of the order parameter in the GL free energy. These are called the β-parameters, β i 's where i = 1, ..., 5. Unfortunately, there are not enough independent sets of experiments to determine all the parameters and so the phenomenological description of superfluid 3 He is under determined. This hampers our ability to predict stability for novel superfluid p-wave states, such as those that might be favored by elastic scattering from high porosity silica aerogel.
In this paper, we present four combinations of β i 's which we determine from measurements and we describe a model which resolves the ambiguity in identifying all five of them independently. The coefficient of a field dependent term in GL theory, g z , plays an important role in determining more accurate combinations of the β i than have been previously reported. Our NMR measurements of the susceptibility 5 show that g z is close to its weak coupling value at all pressures. This allows us to interpret our high resolution measurements of the NMR frequency shift in the B-phase 6, 7 and to obtain accurate β-parameter combinations.
Our model for determining the five β i 's is motivated by the calculations of Sauls and Serene 3 . We note that the calculations, although only qualitatively consistent with the existing experiments, nonetheless can accurately account for their pressure dependence. Furthermore, we note that the calculations indicate that one of the β-parameters, β 1 , is close to its weak coupling value at all pressures. Motivated by these observations and the fact that the experimentally known combinations of the β i 's approach their weak coupling values at zero pressure to within 5%, we make the following two assumptions: First, the β-parameters are, on average, close to their weak coupling values at zero pressure and we use this criterion to select β 1 at zero pressure. Second, we take their pressure dependences from the theory which seems to accurately represent this aspect of the known β-parameter combinations. These assumptions are sufficient to constitute a model to determine the full suite of β-parameters. With this information we can calculate the surface tension between A-and B-phases in bulk superfluid 3 He and compare with experiment. We can also calculate the stability of the axi-planar state in bulk superfluid 3 He as a function of pressure and we can evaluate predictions for anisotropic p-wave states that are robust in the presence of elastic scattering from silica aerogel.
II. GL THEORY FOR
3 HE
A phenomenological macroscopic description of phase transitions is given by the GL theory, in which the free energy is expressed as an expansion of the order parameter. In the case of superfluid 3 He, the order parameter 2,8 , A, is a complex 3 × 3 matrix and the free energy of the arXiv:0711.3225v1 [cond-mat.supr-con] 20 Nov 2007 system can be expressed as,
Here the dipole energy term is neglected. The magnetic field components are H µ , and A † and A T are the Hermitian conjugate and transpose of A. The structure of the order parameter admits five fourth order invariants each of which has a corresponding coefficient, β i . At the second order thermodynamic transition to superfluidity, T c , all p-wave superfluid states are equally probable, but their stability below T c depends on the β i . In the weakcoupling limit the free energy coefficients are,
where the normal density of states at the Fermi energy is N (0), the gyromagnetic ratio for 3 He is γ 0 , k B is the Boltzmann constant, F a 0 is a Fermi liquid parameter determined from the magnetization measurement 8 and ζ(x) is the Riemann zeta function. However, 3 He is not a weak coupling superfluid and strong coupling effects increase with pressure. The strong coupling corrections for α are negligible 3 but they have a significant effect on the β i 's, and might also contribute to g z . Calculations of strong coupling corrections have been performed for model potentials 3, 9 ; those of Sauls and Serene 3 being the most complete and the ones we will refer to in this work.
III. EXPERIMENTS
There are seven free energy coefficients which must be determined from experiment. The difficulty lies in the fact that there is insufficient experimental input to constrain this phenomenological description of superfluid 3 He. Among the seven coefficients, α and g z are determined without ambiguity. The measurements of the specific heat in the normal state, C N and the transition temperature 10 , T c , give us α. The slope of the 3 He-B magnetization 5 extrapolated to T c , dM B /dT | Tc , and the specific heat jump 10 of 3 He-B, ∆C B /C N , are required for g z , for which we have new results presented in this section. For the remaining five β i 's, there are only four independent sets of experiments so that only four combinations of β i 's can be found in the form of sums. These are β 345 , β 12 , β 245 , and β 5 , where we use the MerminStare convention, β ij = β i + β j .
First, we will describe the relevant experiments and the logic for determining these combinations of the β i 's. A). β 345 requires measurements of the 3 He-B transverse NMR g-shift 6, 7 , g, which must be combined with the slope of the B-phase longitudinal NMR resonance frequency 7, 11, 12 , ν 2 B|| /(1 − t), in the limit approaching T c as well as with measurements of ∆C B /C N 10 where t = T /T c . In order to have the value of the g-shift at T c it is helpful to observe that the B-phase susceptibility and the g-shift are linearly related, facilitating an extrapolation to T c . The B-phase heat capacity jump is measured only below the polycritical point (PCP). However, measurement of the specific heat in the A-phase along with measurements of the latent heat at the A-to B-transition allows a thermodynamic calculation 10 of the specific heat jump for the B-phase at pressures above the PCP. Consequently, ∆C B /C N is experimentally determined at all pressures. B). From the specific heat jump, ∆C B /C N and the values for β 345 obtained above we can directly determine β 12 .
C). From the specific heat jump, ∆C A /C N we can directly determine β 245 , but only for pressures greater than the PCP where this jump can be measured. Below the PCP β 245 is found from the quadratic magnetic field suppression of the first order 3 He A-to B-transition 13 , g(β), along with the values of β 12 and β 345 that have been obtained above in A) and B). D). Finally, we can fix β 5 uniquely by the asymmetry ratio, r, of the linear field dependent splitting of the A 1 to A 2 transitions 14 in high magnetic field combined with β 245 .
In summary, four independent combinations of experiments gives us four constraints on the β i 's, which is insufficient to identify all five of them. In principle, measurement of the surface tension at the 3 He A-B interface could provide us with a fifth independent combination 15, 16, 17 of β i 's. However, the surface tension vanishes near T c due to the degeneracy of the free energy at T c of A-and B-phases. For this reason it is not possible to obtain sufficiently high resolution measurements of the surface tension to provide useful characterization of strong coupling effects in the Ginzburg-Landau limit. In the following, we will discuss in more detail the experimental determination of strong coupling and its effects on the β i 's.
The coefficient for the field coupling term, g z , is determined by measuring the slope of the magnetization of 3 He-B in the limit approaching T c ,
where m = M B /M N and M N is the normal state magnetization. The superscript wc, which we use here and in the following, indicates the weak coupling limit. Magnetization measurements of superfluid 3 He have been of great interest since its discovery. Two different techniques -NMR based dynamic measurements 5, 18, 19, 20, 21 and SQUID based static 5 . The coefficient of quadratic magnetic field suppression of the B-phase was measured by Tang et al. 13 . The B-phase heat capacity jump was taken from Greywall 10 and the asymmetry ratio of the linear field dependent splitting of the A1 to A2 transitions was reported by Israelson et al.
14 . Extension of the measuerments of the Aphase heat capacity jump to pressures lower than the PCP requires a calculation based on the measured quadratic suppression of the A-to B-transition as described in the text. 28, 29 reveals that the discrepancy appears to be negligible near the transition temperature T c . Using Eq. 6, Haard 5 determined g z from NMR and found the results presented in Fig. 1 , where g z is close to its weak coupling value, i.e.ĝ z = 1. From Haard's measurement, the deviation from weak coupling appears to grow slightly with pressure. From analysis 5 of the more accurate work of Scholz et al. 21, 29 it appears that g z is pressure independent. The difference between the data sets is likely due to the wider range of extrapolation in the B-phase toward T c that is required to determine g z at elevated fields in the case for Haard's measurement. Hahn et al. 28 came to the same conclusion,ĝ z = 1, based on their SQUID measurements, and so we will take g z to have its weak coupling value at all pressures. Having established g z , β 345 can be calculated from the NMR g-shift 5, 6, 7, 30 of the transverse NMR frequency in 3 He-B which has the following relationship 31 withĝ z and β 345 :
In earlier reports 6 of the g-shift, the analysis to ob- 6 . Greywall 10 has measured the specific heat of 3 He-A and B. The specific heat jump at T c , for these two phases, is related to β A and β B through:
where α ≡ dα/dT . At pressures less than the PCP, the magnetic suppression 13 , g(β), of the AB transition temperature, T AB , is used to obtain β 245 through:
Here g(β) is defined by,
where B is the applied magnetic field and B 
The four experimentally determined β-coefficient combinations, along with the measurements used to obtain them, are tabulated from 0 to 34 bar in Table I .
IV. MODEL FOR DETERMINING β'S
As stated earlier, we impose two assumptions to eliminate ambiguity associated with sorting out all five β i 's from the four known combinations of β i 's determined from the experiments described in the previous section. The assumptions are: 1) the pressure dependence of β 1 calculated by Sauls and Serene 3 is valid. 2) At zero pressure, all five β i 's approach their weak coupling values, on the average. The consequences of these assumptions will be discussed in the following subsections. Fig. 2 . First, we note that the experimental results suggest that superfluid 3 He is predominantly weak coupling at zero pressure. Secondly, the pressure dependence of each combination shows remarkable agreement between experiment and theory for P > 12 bar, the range where the calculations were performed. It is also apparent that the calculation of the absolute values of the β i 's is less reliable than their pressure dependence. Finally we note that, in the calculation, the smallest strong coupling correction among the β i 's is for β 1 . Guided by this information, we will assume that the pressure dependence of β 1 (P ) can be taken from the Sauls and Serene calculation and then we need only determine β 1 (0).
A. Comparison with the Calculation
Sauls and Serene 3 developed a potential scattering model to find the strong coupling corrections to the β-coefficients in the pressure range of 12 to 34.4 bar. Since we do not have five experimentally determined β-coefficients with which to directly compare to the theory, we construct from the calculation those four combinations of β-coefficients, β 345 , β 12 , β 245 , and β 5 that are experimentally accessible and compare these with the measurements in
B. Zero Pressure Values of the βi's
The pressure dependence of the β i 's is insufficient to resolve the ambiguity associated with the β coefficient combinations. Five independent values of β i 's at a given pressure are required along with the pressure dependence for β 1 . The calculations indicate that strong coupling corrections are smallest for β 1 (P ) and from experiment we see that the measurable combinations deviate from their weak coupling values by less than 5% at zero pressure. On this basis one possibility would be to simply choose β 1 (0)/β wc 1 = 1, i.e. to be weak coupling. Another possibility, the more democratic one, is to choose β 1 (0) as a variational parameter and minimize the mean square deviations of all β-parameters from their weak coupling values at zero pressure subject to the constraints imposed by the four different combinations that have been determined experimentally. For the latter method we find β 1 (0)/β wc 1 = 0.97 which is essentially equivalent to the first choice. In the following we make the latter choice. We show this process explicitly in Fig. 3 where we calculate all of the β i (0)'s as a function of β 1 (0) subject to the four experimental constraints. It is clear that for β 1 (0) near its weak coupling value, as emphasized by the circled region, all the others approach their weak coupling values at zero pressure as well. With this choice for β 1 (0) and the pressure dependence of β 1 taken from Sauls and Serene 3 , β 1 (P ) is now uniquely defined and all the other β i 's can be determined. These β i 's are tabulated in the first five columns of Table II. 
V. APPLICATIONS A. Surface Tension at the A-B Interface
With all the β i 's now determined, one can calculate the surface tension between the A-and B-phases of superfluid 3 He. According to Thuneberg 15 , the surface free energy of the A-B interface is expressed as
  where ξ(T ) is the temperature dependent coherence length of 3 He,
2 ) 4β i 's the same as for the weak-coupling case in his original work 15 . We examined these two choices of β −1 is shown in Fig. 4 . The calculation, however, has a number of limitations. One is that the calculation depends on the choice of β (0) 2 which is not uniquely defined. The other is that the experimental results do not have high enough resolution to determine the β i 's independently.
B. How Stable Is the Axial State?
A number of experiments performed to investigate the order parameter of 3 He-A phase have confirmed that the A-phase is, in fact, the axial state. This confirmation could be further strengthened by studying the thermodynamic stability of the axial state over other possible equal spin pairing states, such as an axi-planar state; some concern has been raised in the past that an axial state and an axi-planar state may not be easily distinguishable due to their continuously related order parameter structures 13, 32 . However, a certain combination of β-coefficients, namely β 45 can be used to check the relative thermodynamic stability between the two states. If β 45 is negative, the A-phase is the axial state and if β 45 is positive, the A-phase would be the axi-planar state. By imposing β 45 = 0 as the fifth constraint in addition to the four known combinations of the β i 's, a unique set of β i 's is obtained which can be used to plot a phase diagram for axial and axi-planar states with β 1 as a parameter. This phase diagram is shown in Fig. 5 . We compare our choice of β 1 from Table I with the phase diagram and this value lies well within the axial state regime at high pressure as has been commonly believed and which a number of experiments independently confirm 11, 12, 33 . However, it should be noted that our choice of β 1 indicates that there is a near degeneracy of the axial and axi-planar states at zero pressure and this might be interesting to investigate further.
C. The Robust Phase in Aerogel
Full determination of all five β i 's has important implications for superfluid 3 He in aerogel. Within the context of scattering models we can calculate the appropriate modifications to the β i 's and explore the predicted stability of various superfluid states. There are multiple different scattering models for 3 He in aerogel, e.g., the homogeneous isotropic scattering model (HISM) 34 and inhomogeneous isotropic scattering models (IISM) 34, 35, 36 . We use the IISM of Sauls and Sharma 36 , a modification of the HISM of Thuneberg et al. 34 . The β i 's in the IISM are modified through:
where x =x/(1+ζ 2 a /x), ζ a = ξ a /λ,x = v F /2πk B T λ, ξ a is the strand-strand correlation length, λ is the transport mean free path for 3 He quasiparticles, and δ 0 is the swave scattering phase shift.
With the five β i 's for bulk superfluid given in Table II , we calculated the effects on the β i 's of scattering from the aerogel strands. We distinguish these coefficients from bulk 3 He with a superscript, β a i . We assumed unitary scattering, δ 0 = π/2 with λ = 150 nm and ξ a = 40 nm. These parameters are typical of 98% porosity aerogels 37 . The effects of scattering in the weak coupling approximation are included in both β a 0 and b. In addition, the β a i 's will have a strong coupling component that will be modified by elastic scattering. We accomodate this by rescaling the ∆β Table II . For this choice of aerogel parameters the superfluid state is not stable below a pressure of 5 bar as reported by Matsumoto et al. 38 , and hence the table is blank below this pressure.
A direct consequence of the modification of β a i 's according to the scattering model is the enhancement of relative stability of the B-phase with respect to the A-phase for 3 He in aerogel. For either the HISM or IISM, the isotropic state (B-phase) is found to be stable over the entire pressure range. However, superfluid 3 He in aerogel has a metastable A-like phase that has been clearly observed 39, 40, 41 in various samples on cooling below T c . Although the exact nature of this phase is still in question, it is known that the metastable phase is an equalspin-pairing state 42 , similar to the bulk A-phase, hence it is referred to as an A-like phase. However, lack of understanding of the orbital part of the order parameter makes the identity of the state less clear. Furthermore, the question of stability of any equal-spin-pairing state with repect to the aerogel B-phase relies on an understanding of the appropriate β-parameters for which we have no direct independent information. Volovik 43 has argued that the axial state in the presence of quenched anisotropic disorder cannot exist as a spatially homogeneous superfluid owing to arguments from Imry and Ma 44 . If the metastable phase is in fact the axial state, the order parameter would not have long range orientational order, a state which Volovik has called a superfluid glass. With a different approach, Fomin 45 has argued that there are other p-wave pairing states which are also equal-spin-pairing but do not suffer from the same difficulty, and that these might be candidates for the metastable aerogel phase. Such phases would be robust in the presence of anisotropic scattering, meaning that A µi A * µj + A µj A * µi ∝ δ ij where δ ij is the Kronecker delta. 45 45 can be expressed as,
where,
Thermodynamic properties of the robust state have not been predicted because it involves all five β i 's beyond the four combinations known to us so far. However, the determination of β i 's from our model allows us to investigate the properties of the robust state. First, we calculate the asymmetry ratio of the A 1 -A 2 splitting in aerogel. For the A-phase this ratio is expressed in terms of the β i 's given by Eq. 12. In the case of the robust state the ratio r R is given by 45, 48 , r R = β 15 β 13 + 9β 2 + 5β 45 .
With the values of the β i 's from Table II , the asymmetry ratio r R is found to be ∼ 0.2, considerably smaller than what has been found experimentally 48 , r R 1.0. These results are compared in Fig. 6 .
Second, we calculate the relative stability of the robust state with respect to the B-phase over the pressure range from zero to 34 bar with β 1 for bulk 3 He as a parameter subject to the constraints of the four experimentally known combinations of the β's given in Table I . These results are shown in Fig. 7 . For the robust state of 3 He in aerogel to be stable, β 1 would have to be significantly different from the value derived from our model, assuming the form of the free energy in Eq. 1.
VI. CONCLUSIONS
We have investigated the experimental basis for determining strong coupling as a function of pressure for superfluid 3 He based on analysis of our NMR data. Given the limitation that we have only four experimentally identifiable β-coefficient combinations, we developed a phenomenological model with two assumptions: 1) that superfluid 3 He is predominantly weak coupling at low pressure and 2) that the pressure dependence of β 1 can be taken from Sauls and Serene's calculation. This model provides us with all five β-coefficients. Using this model we calculated the surface free energy at the A-B interface and compared with experiment. Although the measurement does not have high enough resolution to validate our model, it is not in disagreement. The model is also consistent with the general consensus that the so-called A-phase is the axial phase rather than the axi-planar phase. We used our values of the β i 's to calculate the corresponding strong coupling effects for superfluid 3 He in aerogel. We find that the B-phase is stable at all pressures. We compared the relative stability of the robust state proposed by Fomin with that of the B-phase. The robust state is unstable relative to either the isotropic B-like phase or the axial state. Furthermore, the asymmetry ratio, r R , of the A 1 -A 2 splitting for superfluid 3 He in aerogel was calculated for the robust state and it was found to be significantly smaller than the experimental values. Our interpretation is that the A-like aerogel phase is not a robust state based on the free energy expansion given in Eq. 1.
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